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Abstract 

Local well-posedness for the Dirac - Klein - Gordon equations is proven 
in one space dimension, where the Dirac part belongs to H^^^'^ and the 
Klein - Gordon part to H^~'^ for < e < j , and global well-posedness, if 
the Dirac part belongs to the charge class and the Klein - Gordon part to 
H'' with < fc < ^ . The proof uses a null structure in both nonlinearities 
detected by d'Ancona, Foschi and Selberg and bilinear estimates in spaces 
of Bourgain - Klainerman - Machedon type. 



Introduction 

In this paper we study the Cauchy problem for the Dirac - Klein - Gordon 
equations in one space dimension 

d d 

- if3—i; + ial3—ij + Mij = g(j)ij (1) 
St^*^- 5^'^ + "^''^ = W,V')c^ (2) 

with initial data 

ipix, 0) = ipo{x) , cl){x, 0) = (/)o{x) , ^{x, 0) = (plix) . (3) 

Here V is a two-spinor field, i.e. has values in C^, and (/> is a real- valued 
function, a and /3 are hermitian (2 x 2) -matrices, which fulfill = 0^ = I , 
a(3 + 13a = 0, e.g. we can choose a = , /? = (^^o). M,m and g are real 

constants. 
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We are interested in local and global low regularity solutions. The first results 
were obtained by Chadam and Glassey [5], [6] who proved global well-posedness 
for data ipo G , cpo G , 4>i G L'^. This result was improved by Bournaveas 
[3] (cf. also Fang [7]) who showed the same results for data 'ipo G L"^ , (po G H^, 
4>i € L?. Local existence and uniqueness was shown by Fang [S] for data ^ 
H--i+', (1)0 G , (j)^ E H-^+^ and < e < i , < (5 < 2e . These solutions 

are global, if ipQ G . Finally, Bournaveas and Gibbeson [4J also proved global 
existence and uniqueness for tpo G L"^ , 4>o G , 4>i G H^^^ for ^ < /c < i. 
All these global results were obtained by using conservation of charge, namely 
/ IV'P dx = J iV'oP dx . The energy does not help here because it is not positive 
definite. 

In three space dimensions the best result concerning local well-posedness 
was recently obtained by d'Ancona, Foschi and Selberg [Ij for data ipo G H"^, 
00 £ H^^'' , (j)i G H~2^^ with e > 0. This result is arbitrarily close to the 
minimal regularity predicted by scaling (e = 0). Whereas in the above mentioned 
more recent results a null structure of Klainerman - Machedon type for the 
nonlinearities was already used in one or the other way, they showed that the 
null form ip) of the wave part is also hidden (by a duality argument) in the 
Dirac part of the system and both nonlinearities can be treated in a similar way. 
It was also very helpful to first diagonalize the system by using the eigenspace 
projections of the Dirac operator (cf. also Beals and Bezard p]). Of course this 
local result does not directly imply a global one. 

In the present paper we want to improve the local and global results in one 
space dimension by consequently using this diagonalization of the system and 
applying the Fourier restriction norm method. We are able to show local existence 
and uniqueness for data i/^o (j)Q G , 0i G H^^^ , provided / < |, A; > 0, 

2l + k <1 ^l-\-k <1 and A; > |/| . This means that e.g. k = I = ;| — e is admissible 
as well as / = , A: = e , thus improving the above mentioned results of Fang and 
Bournaveas - Gibbeson. These local results easily imply global ones in the case 
ipo £ L"^ , (po G , G H''^^ for < k < ^ , using only charge conservation, 
also improving Bourneveas - Gibbeson. 

This paper is organized as follows. First we rewrite the system as a first order 
system in time in diagonal form. We split ip as the sum TTj^{D)ip + 'iT^{D)'tp, 
where tt±{D) are the projections onto the eigenspaces of —ia-^ , and also split 
(j) as the sum (p^ + (j)^ , where the half waves (/)+ and (j)- are defined in the usual 
way. Then we analyze the components of the nonlinearity {f3ip, ip) , namely 
{(3'K±(D)ip,iT±{D)ip') for all possible combinations of signs by computing its 
Fourier symbol. It turns out that the symbol is a piecewise constant matrix 
in Fourier space depending only on the signs of the Fourier variables and espe- 
cially vanishes in certain regions. Then we examine which bilinear estimates for 
the nonlinear terms are necessary for local well-posedness in the framework of the 
j^m,b _ gpg^ggg ii turns out that due to duality arguments two similar estimates 
have to be given for {(3'K±{D)ip,7r±(D)ip') in order to treat both nonlinearities. 
These are given in Lemma 12.11 and Lemma 12. 2[ The local results are summarized 
in Theorem 12. li Global existence is a direct consequence of the local results 
combined with charge conservation (Theorem 13. ip . 

We construct our solutions in spaces of the type XJ^''' defined as follows: for 



2 



an equation of the form iuf — = , where (/? is a measurable function, 

let XJ^'^ be the completion of 5(R x R) with respect to 



1 



where (•) := (1 + | • p)2 , and / denotes the Fourier transform of / with respect 
to X and t. We also use the time localized spaces X^'^[0, T] defined by 

/|[0,T]=/ 

The following fact about these spaces is well-known (cf. , e.g. , section 2): if 
is a solution of 

d 

ivt - ip{-i—)v = F , v{0) = f 
on a time interval [0, T] , T < 1 , we have for b' + 1 > b > > b' > : 

1 Preliminaries 

First we transform our system ([I]),© into a first order system (in t) in diagonal 
form. 

Multiplying the Dirac equations from the left by /3 leads to 
d d 

Following the paper of d'Ancona, Foschi and Selberg we diagonalize the system 
by defining the projections 

7r±(e) ■.= \{I±ia), 

where := j|| . Then we have ij) = ■0+ + V'- with ij)± := iT±{D)'>p , D := . 
Using the identity 

d 

-ia— = aD = \D\tt+(D) - \D\Tr-(D) 
ox 

and 

vr±(0/? = ^(^ ± = T = (5) 
we get by application of vr±(Z)) to the Dirac equation 

7T±{D)i-i—ij - ia—i;) = n±{D){-i—ilj+\D\T:+{D)ij-\D\7:^{D)i;) 

= -i^^^T±iD)^±\D\^T±{D)^|J 
d 
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where we also used 



and 



(this also implies especially = Tr^{D)ipj^) . 

The Dirac equations are thus transformed into 

= -M/3V'^ + 57r±(D)(</./3(V'++V-))- 
We also split the function into the sum = ^(</>+ + 0_) , where 



1 00 . d'^ 

dt ' ^ 



Here we assume m > and in fact m = 1. Otherwise we artificially add a term 
(1 — m'^)4> on both sides of the equation at the expense of having an additional 
linear term CQ(p in the inhomogeneous part which can easily be taken care of. We 
calculate 

d d d 

{i—^A^ct>± = {i-TA'2){I±iA--2—)cP 

1 52 
= ^A-HA<p+—<P) 

= T^-5((/3y,,y,)c2 +co(^). 

Thus the Dirac - Klein - Gordon system can be rewritten as 

d 1 
{-i-±\D\)i;± = -M/3VT+57r±(L>)(-(<^+ + <^_)/3(V'+ + V'-)) (6) 

d 1 
(i—^A'2)(j)± = ^^-5 ((/3(V;+ + V'_),V++V-)c2+co(<^+ + </>-)). (7) 

The initial conditions are transformed into 

^l^±iO,x)=Tr±{D)Mx) , MO,x) = Mx)±iA-hi{x). (8) 

It turns out that the decisive bilinear form which has to be considered is given 
by {^^^-^{0)1^, TT±{D)ijj')Q;2 , where [±] and ± denote independent signs. We are 
going to compute its symbol. One has to treat 

^((/37r[±](Z))^,^±(Z))^')c2)(C,r) 
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where * denotes the region S, = + ^2 , t = ti + T2 ■ Because Tr± are hermitian 
and by use of ([5]) and 7r+(— ^) = 7r_(^) we get 

(/?7r[±](6)V^(ei,n),vr±(-6)V^'(-e2,-T2)) 
= (7r±(-6)/?7r[±](Ci)V'(Ci,n),V''(-6, -T2)) 
= (/?vr^(-e2)vr[±](ei)V^(ei,ri),V;'(-6,-T2)) 
= (/?vr±(6)vr[±] (6)^(6, n),V5'(-6,-r2)) • 

We compute 

4vr±(6)^+(6) = {I±La){I + iia) 

= I± ei6a' + (li ± 6)« 
= (1 ± li^'a)/ + {ii ± 6)a . 

If ^1 and .^2 have different signs we have ^1^2 = —1 and ,^1 = —^2 , thus 
''^+{C2)'^+{S,i) = . If ^1 and ^2 have the same sign we have ^1^2 = 1 and ^1 = ^2) 
thus 47r+(C2)vr+(6) = 2(/ ± a) (+ , if 6,6 > 0, and if 6,6 < 0). Similarly 
47r_(6)'?i"+(6) = 2(/ ± a) , if 6,6 have different signs, and 7r_(6)'?r+(6) = , 
if 6,6 have the same sign. Thus we have 

(/?vr±(6)vr[±](6)V'(6,n),V''(-6,-T-2)) = (7^(6, n), ^'(-6, --^2)) 

where 

• in the (+,+) - case and in the (~,~) - case : 7 = ± /3a), if 6,6 have 
the same sign, and 7 = 0, if 6,6 have different signs. 

• in the (+,-) - case and in the (-,+) - case : 7 = ^(/3 ± /3a), if 6,6 have 
different signs, and 7 = 0, if 6,6 have the same sign. 

2 Local solutions 

We want to construct solutions ip± and (t)± in the spaces X^^ and Y^''^, respec- 
tively, defined as follows. 

Definition 2.1 X^^ is the completion ofS(R?) with respect to the norm 
IIV^II^.,. = ||(6^(r±|e|)VX6r)||^2 

for - valued functions tp. Y^''^ is the same space for C - valued functions il^. 
We also use the localized norms 

IIV^IIx^-^OTl = - ™f ll^llx"'" 

=*= V'|[o,t]=V' * 

and similarly Y^^[Q,T] . 
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We consider the following (slightly modified) system of integral equations which 
belongs to our Cauchy problem (m),©,®. 



*eT*(*-)l^l7r±p)(i(0+(s) + 0_(s))/3(vr+(D)V^+(.) 



i^±{t) = e^**I^IV±(0) (9) 

+7r_(D)^/.„(s)))ds + iM r e^'^^-''^^^^ p^^{s)ds 

Jo 

Mt) = eT**^^<A±(0) (10) 

±i re=F^(*-^)^*.4-^(/3(vr+(I))^A+(s) + ^_(I))V-(5)),^+(I?)V'+(s) 
Jo 

+Tr-iD)ij^{s))ds±ico I e^'(*"")^^^"^((A+(s) + (/-_(s))ds 

Jo 

We remark that any solution of this system automatically fulfills Tr±{D)'tp± = 
ip± , because applying 7r±(Z?) to the right hand side of the equations for -0-1- 
gives ^T±{D)^p±{0) = TT±{D)Tr±{D)ipQ = TT±{D)7pQ = ^±(0) , and the integral 
terms also remain unchanged, because tt±{D)'^ = 7r±{D) and '^±{D)P'ipzf{s) = 
l3iTn^{D)il}n^{s) = /?'0^(s) . Thus T^±{D)il)± can be replaced by -i/'i on the right 
hand sides, thus the system of integral equations reduces exactly to the one 
belonging to our Cauchy problem ([6|) , ([7]) , dSl) . 
Let now data be given with 

This implies ■0±(O) € //~'(R) and 0±(O) G H^(Ji) . In order to construct 
a solution of the integral equations for t G [0, T] with a suitable T < 1 with 

i}± G X±''^^''[0,r] and 0± G Y^^^'' [Q,T] (e' > smaU) we only have to show 
the following estimates for the nonlinearities (using standard facts from the theory 
of X**'^ - spaces, especially (jl|)). 
Concerning ^ we need 

||7r±(I?)(0/37r[±](i^)0)|| 1^,,, < c||0|| i^,,||0|| ,1+,, (11) 

and the same estimates with \\4>\\ ^ i+^i replaced by ||0|| k,'^+^' right hand 

side. Again [it] denotes a sign independent of ±. 
Concerning (jlOp we have to show 

||(/37r[±](Z))V^,7r±(Z))0;')ll < c||0|| _,i+.,||0'|| (12) 

and the same estimate with ^' ^^^"^ replaced by y,^ ^' ^^^"^ on the left hand 
side. 

By duality pT|) is equivalent to 



(7r±(Z))(0/37r[±](i?)V),0'>c^^'^i 



/ / 1 



< C||0|1 ll^!.^-2^' 
^+ ^[±] ^± 
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The left hand side equals 



(j){f3TT[±]{D)ij,Tr±{D)^p')dxdt 



which can be estimated by 



Y 



..U.'IK/9m]P)V',vr±^')ll 



-fc,-i-e' 



Thus (HH) is fulfilled if 



7r[±](Z))V',7r±(Z))V^')ll -..-1-.' <c||^|| .1-2.' (13) 

^+ ^[±] ^± 



— k —--e' -k -i-e' 

and the same with ' ^ replaced by y_ ' ^ on the left hand side. 
The linear terms in the integral equations can easily be treated as follows: 

< II^tIIl2([o,t],h-0 < T^Ut\\l--(Io,t],h-') < cT^Ut\\-i,1+.'^^, 

X [0,T\ 



and 



\\A 20^11 ^1+2,, 

< ll</'±llL2([0,T],Hfe-i) < r^ll</'±llL-([0,T],H''-i) < cr^||(/>±ll • 

It remains to prove (fT2|) and (fT3l) . 

Lemma 2.1 Assume l<j,2l + k<l and I + k < 1 . Then IW^) holds for a 
sufficiently small e' > . 



Proof: We have to show 

(/?7r[±] {D)il), 7r± {D)tp')lpdxdt 



< c 



Y, 



l-fc,i-2e' 



-a+.'ll^'l 



The left hand side equals (according to the calculation above) 



(/37r±(6)7r[±](^i)V'(6, n), V''(-6, -7"2))<^(C, T)dCidC2dTidT2 



where * denotes the region + = ^ , ti + T2 = t . 
Defining now 



(6)-'(ri[±]|6l)^+^'v;(6,n) 

(6)-'(r2±|6l)^+^'V^'(e2,r2) 
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we have 

IIV'II ,1+.' = \\vi\\li,AW\\ = II^iIIl^,, ll-Z-ll = Mli, 

^[±] ^± ^+ 

Thus we have to show 

/• /•(/3vr±(e2)vr[±](ei)^i(6,n),^2(-6,-r2))(ei>'(6>'^(^,r) , , 

/ / — -^ i 1 aE'\aE2dT]aTo 

J J* (ri[±]!ei|)H^'(r2T|6|)^+^ (r+|?|)^2^'(0^-'= 

< c||ui||i2||v2||L2||(/9||i2 . 

According to our computations at the end of Section 1 we know: in the (+,+) - 
or (-,-) - case this integral reduces to the region ^1^2 > , whereas in the (+,-) - 
or (-,+) - case it reduces to .^1^2 < . In any case I3it±{£,2)t^[±]{£,i) is a constant 
matrix in each of the quadrants in the (^1,^2) - plane. 

A. Let us first consider the (+,-) - or (-,+) - case. Here we have to prove 



(n ± Iftl)'*''^^ ± Ut'*-'(r + \Q)i-^-'(i)^-'' 

€ie2<o 

< c\\vi\\LA\'mL^\m\L2 



In this region we have |^[ = — |^2|| • Define 

CTi = Ti ± 1^1 1 , 0-2 = T2 ± 1^2! , a = T + 

Then we get the decisive algebraic inequality: 

2min(ieil, 161) < 161 + 161 T 1161 - 1611 = 161 + 161 T lei (14) 

= ±(ri ± 161) ± {t2 ± 161) T (t + lel) = ±(Ti±a2^(J <\ai\ + \(T2\ + \(t\ . 

Case 1: |6| « 161 iCl ~ 161) 

(The case [6| << |6| can be handled similarly.) 

We have 

(^)l-fc ^ c(?l/ 

and consider three different cases depending on which of the cr's is dominant. 

a. |(t| > |(Ti| , |(T2| 

By (I14p we have {a) > c(6) 1 so that it remains to estimate 

f f l^i(ei.n)||^2(-6,-r2)||^(6r)K6)-(6)--^^-,^^,^^,^^,^^ 



= / / Mi.-i^(zi^iz!*(iii^,eid6<ind^ 
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Here we used the assumptions Z — 1 + A; < , < |^2l i 2/ + A; < 1. e' > 
is sufficiently small and e > 0. Forgetting about tfie factor ((Ti)2+'^ and using 
Plancherel and Holder tliis is bounded by 



r 



-1 / l^'il 



-1 / \v2{-i2,-'r2) 



<c\\vi\\l2\\v2\\l2M\l^ 



xt xt 



by Sobolev's embedding and Xj.'^^*^ C LfL^. . 

b. |(Tj| (j = 1 or j = 2) dominant. 
This case can be treated similarly by using the estimate {aj)^'^^ > c(^i): 
Case 2: |6| ~ 161 • 
We have 



(6)'(6)' M 



21 



1-k 



a. \a\ dominant. 

We use (fT4|l and get (cr) > c{^i) , and moreover , I < j , (^i) > c(^) , and 
21 + k < 1 and estimate as follows: 



2/-i+2£' 



< 



\vii^i,n)\\v2i-c2,-T2)mLrM ir-^ 

(ai)H^'(a2)i+^'(0i- 

1^*1(6, n)||^2(-6, -T2)\\'f{^,T)\ 



-diid^2dTidT2 



< 



\vi{^l,n)\\v2{-^2, -T2)||(^(C,r)| 
(^l)^+^'(a2)^+^'(e)^+^ 
-1 [ l^^2(-C2, -T2)\ 



—diid^2dTidT2 



\ (,0-2/2 

< I^iIIl^ II^2|Il2 J|(/p||^2^ 



di\d^^2dT\dT2 



-1 



.(0 



xt xt 



b. The cases |o"i| or \a2\ dominant are handled similarly. 

B. Let us next consider the (+,+) - or (-,-) - case. We have to prove 



\M^i,n)\\v2(.-^2,-T2)mtrmiy{^2y 

in ± 161)^+^' (r2 T 161)^+^' (r + 



-d^idC2dTidT2 



< c\\vi\\L2\\v2\\L2\\f\\L2 ■ 



5ie2>o 



In this region we have |.^| = |^i| + 1^2 1 • Assuming w.l.o.g. |6| > j^j we have 
Id ~ IC2I and also 

by our assumptions / + A; < 1 and 2/ + A; < 1 . Moreover, defining 
ai=Ti± 1^1 1 , £72 = T2 T 161 , 0" = T + Id , 
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we get 



2min(|ei|, 161) < Tieil ± 161 + 161 + 161 = -in ± 16!) - (^2 t 161) + r + |ei 

= -(Ti - (72 + CT < |(Ti| + |(T2| + \a\ . 

a. |(t| dominant. 

This implies (a) > c(6) so that we estimate for sufficiently small e' > : 



l^^i(6,n)||'S2(-6, -T'2)\\'f{S.,T)\ 



* (6)^(6)2-'^(ai)2+^'(a2)2- 



< 



J" 



-1 



l^^il 



-1 / l^'2(-6,-T2) 



(CT2)" 



< C||ui||i2j|i;2||i2j|(/9||^2^ . 

b. The cases |o"i| or |cj2| dominant are handled similarly. 
Remark: The modified estimate ()12p with ^' ^"'^^'^ replaced by ^' ^^'^'^ 



is proven in the same way replacing a = r+ 1^| by a = t— |^| everywhere. One just 
has to show that the decisive algebraic inequality 2 min (|6|i|6l) ^ |o'i| + |o'2| + |o'| 
still holds true. This can easily be seen as follows: in Part A of the proof we 
estimate 

2min(|6|, 161) < 161 + 161 ± 1161 - 1611 = 161 + 161 ± lei 

= ±(ti ± 161) ± (ra ± 161) Tir- |^|) = ifJi ± ^2 T < |cti| + \a2\ + \a\ , 
and in Part B we get 

2min(l6l, 161) < ±161 T |6| + |6| + 161 = ±161 T 161 ± 1^1 

= (ri ± 161) ± {t2 =F 161) - (t - ICI) = cTi + 0-2 - < IfJil + Icral + |cr| . 



Lemma 2.2 Assume A; > |/1 and k > . Then il3\) holds for a sufficiently small 
e' > . 

Proof: Arguing as in the previous proof we have to show 

f I (/3^±(6)7r[±](6)t^i(6,n),^2(-6,-T-2))(6)'^(6T) 

J J* (ri[±]|6l)^+^'(T2T 161)^-'^' (r + |ei)^+^' (6^(6)' 

< c||ui||l2||v2|1l2||(/9||^2 . 

A: Consider first the (+,-) - or (-,+) - case. One has to show 

l".(&.n)lfe(-&,-r.)||^({,r)K6>' 

(n ± (t2 ± I6l)i-2< (r + l{|>i+<' ({)'(&>' 

«1«2<0 

< C||ui||i2|lu2||i2||(^||i2 . 
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In this region we have |^| = — |^2|| • Define 

cTi = ri ± 1^1 1 , £72 = T2 ± 1^2! , 0- = r + 1^1 . 
Again as in the previous proof (cf. p4p ) : 

2min(|,^i[, |^2|) < kil + + . 



(15) 



Case 1: |6| « |6I iCl ~ 161) 
We have 



In the |o"2| - dominant case it remains to estimate, using (^1) < c((72) , A; + / > 0, 
A;> and |6| > |6| : 

\vi{^i,ri)\\v2{-(2,-r2)\\m,rMiy 



< 



< 



\vi{^l^n)\\v2{-^2,-r2)\\^{^,T)\ 



d^,id^2dTidT2 



^2t' 



YZ^, — dix di2 dn dT2 

-II m 



r 



< C.\\vi\\L\h2\\L\\ML-^ 



xt xt 



The regions where \a\ or |cri[ are dominant are treated similarly. 

Case 2: |6| « |6I 1^1 ~ 161) 

Using 

(6)' 1 
(6'(6)' ^ (6)'=-'(6)' 

and (jlSp we have to estimate in the |cr2| - dominant case, using — Z > , /c > 
and 1^1 1 > |,^2| : 

\vi{il,Ti)\\v2{-i2,-T2)\\(p{ i.r)\ ,^ , , 



< 



l^i(6,n)||^2(-6,-r2)||^(e,r)| 



similarly as in Case 1. The regions where |cr| or \ai \ are dominant can be handled 
similarly. 

Case 3: |6l ~ |6| K ICI < 161 + 161 ~ 2|6|) 
We use 

1 



(6)' 



and get in the \a2\ - dominant region (the other cases can be treated similarly 
again) by our assumption A; > : 

l^)i(6,n)||t}2(-6,-T2)||^(6T)| 



-diid^2dTidT2 
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< 



< 



l^i(ei,n)||{;2(-6,-T2)||<^(e,r)| 



* (ai)5+^'(a)5+^'(e)'=+5-2^' 



-1 



1^1 1 



1^211^2^2 



-1 



(ai)2+^ 

< C\\vih2jv2h2j^h2^. 

B: Consider now the (+,+) - or (-,-) - case, where one has to estimate 
lft(6.rOllfc(-&.-r.)||^«,r)|(6)' , 



(Ti ± 161)"+'' =F |f2|>*-'''(r + |?|)3+<'{{)'(f2)' 

5l«2>0 

One has |^| = + |^2| and with 

dl = ri ± l^il , CJ2 = T2 =F 161 , 0" = 7" + 141 



one checks again p5|) . 

If |c72| is dominant and |6| > 161 we have |4| ~ |6| and 



(6 



1 



(0^(6)' (6)'=-'(6)' 

as well as (6) < c(cr2) , so that by use oik — l>0,k>0 and |6| > |6| we 
estimate 

l^i(6,n)l|^2(-6,-r2)||^(6i)L^^^^^^^^^^^^ 



l^i(ei,n)||^2(-6,-r2)||^(e,r)| 



fc-i/;r„\'+4-2e' 



< 



< 



Pi I 



-1 / |i^2(-6, -T2) 



(6) 



< c\\vi\\l2J\v2\\liJMlI,- 

If |a"2| is dominant and |6| > |6|) we have |4| ~ |6| and, using k + 1 > : 

1 



(6 



(6)' < (6)' 



{0H^2y (6)'=+' - (6)'=+' (6)'= 

and also (6) ^ c((T2) . Thus, similarly as before we get for A; > : 

l%(6,n)||^2(-6,-r2)||^(6r)| 

< c|bl|lL2jl^2||L2j|(^||i2^ . 

The other regions are treated similarly. 

Remark. The modified estimate (fT3l) with Y"^ ' ^ replaced by y_ ' ^ 
proven in the same way. See also the remark to the previous lemma. 
We summarize our results in the following 



IS 
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Theorem 2.1 Assume l<l,k>0,2l + k<l,l + k<l and k > \l\ . The 
Cauchy problem for the Dirac - Klein - Gordon equations ([2]j, (0j with data 

has a unique local solution 



and 



ip = ip+ + ip- with ^/;± G X±''2"^''[0,r] 



^(0+ + 0_),0t = ^A^(0+-0_) with 0± Gy±'^+''[o,r], 



where A = + 1 • ifere T = TdlV^oll//-^ ll'/'oll/ffc) II'^i||_h''=-i) ^"-^ e' > is 

sufficiently small. This solution satisfies 

i; G C''{[0,T],H-\-R)) , cl> e C\[0,T],H\-R)) , <Pt G C''i[0,T], H>^-\-R)) . 

3 Global existence 

The fohowing global existence result is an easy consequence of the local results 
and conservation of charge. 

Theorem 3.1 Assume ipo G ^^(R) , 00 G H''{K) , 0i G H''-^{'R) , where 
< k < ^ . Then the solution of Theorem \2.1\ exists globally in t. 

Proof: We only need an a-priori-bound for ||'0(t)||£^2 and ||0(t)||j:^fc + ||0t(t)||j:^fe-i. 
Charge conservation gives the - bound of 'tl}{t) and 0(i) fulfills the integral 
equation 

(j){t) = cos{Ah)4>o + A^^ sm{Ah)cl)i + A~^ sm[A^ {t - s)]{l3'ip{s),ilj{s))ds 

Jo 

/■* 1 1 
+co A 2 sin[^2 (t - s)](f){s)ds , 
Jo 

where co = 1 — . Thus 

umH^ + \\Mt)\\H''-^ 

< ciUoWm + WMm-^ + [\\\{ms),m)\\H^-^ + ms)\\H>'-^)ds) . 
Using the estimate 







< c||V'||i2 for k<^, 



which follows from (cf. [4J 



u{r])v{£, — rf) drj 



(e)'('-^) di 



< / ( / \uiv)\'dr^)i / m - r])\'dr^m'^''-'U^ 



< MhMh {0'^'-'^d^<c\\n\\Uv\\h, 
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we arrive at 

U{t)\U + \\Mt)\\H^-^ < ciWMU + WMh^-^ + t\\M\h + f U{s)\\m ds) , 

Jo 

so that Gronwall's lemma gives the desired a-priori-bound. 
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